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EIGENVALUES AND ENTROPIES UNDER THE
HARMONIC-RICCI FLOW
YI LI
Abstract. In this paper, the author discusses the eigenvalues and entropies
under the harmonic-Ricci flow, which is the Ricci flow coupled with the har-
monic map flow. We give an alternative proof of results for compact steady
and expanding harmonic-Ricci breathers. In the second part, we derive some
monotonicity formulas for eigenvalues of Laplacian under the harmonic-Ricci
flow. Finally, we obtain the first variation of the shrinker and expanding en-
tropies of the harmonic-Ricci flow.
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1. Introduction
After successfully applying the Ricci flow to topological and geometric prob-
lems, people study some analogue flows, including the harmonic-Ricci flow [9, 11],
connection Ricci flow [14], Ricci-Yang-Mills flow [13, 16, 17], and renormalization
group flows [6, 8, 12, 15], etc. In this note, we study the eigenvalue problems of the
harmonic-Ricci flow which is the following coupled system
∂
∂t
g(t) = −2Ricg(t) + 4du(t)⊗ du(t),(1.1)
∂
∂t
u(t) = ∆g(t)u(t).(1.2)
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For convenience, we introduce a new symmetric 2-tensor Sg(t),u(t) whose compo-
nents Sij are defined by
Sij := Rij − 2∂iu∂ju.
Its trace is Sg(t),u(t) := g
ijSij = Rg(t) − 2
∣∣∇g(t)u(t)∣∣2g(t).
Suppose thatM is a compact Riemannian manifold. For any Riemannian metric
g and any smooth functions u, f , we have a number of functionals
F(g, u, f) =
∫
M
(
Rg + |∇gf |
2
g − 2 |∇gu|
2
g
)
e−f dVg,
E(g, u, f) =
∫
M
(
Rg − 2 |∇gu|
2
g
)
e−f dVg,
Fk(g, u, f) =
∫
M
(
kRg + |∇gf |
2
g − 2k |∇gu|
2
g
)
e−f dVg.
List [9] and Mu¨ller [11] showed that, as in the case of Perelman’s F -functional,
under the following evolution equation
∂
∂t
g(t) = −2Ricg(t) + 4du(t)⊗ du(t),
∂
∂t
u(t) = ∆g(t)u(t),(1.3)
∂
∂t
f(t) = −∆g(t)f(t)−Rg(t) +
∣∣∇g(t)f(t)∣∣2g(t) + 2 ∣∣∇g(t)u(t)∣∣2g(t) ,
the evolution equation for F -functional is
d
dt
F(g(t), u(t), f(t)) = 2
∫
M
∣∣∣Sg(t),u(t) +∇2g(t)f(t)∣∣∣2
g(t)
e−f(t) dVg(t)
+ 4
∫
M
∣∣∆g(t)u(t)− 〈du(t), df(t)〉g(t)∣∣2g(t) e−f(t) dVg(t)(1.4)
that is nonnegative. Based on (1.4), we derive
Theorem 1.1. Under the evolution equation (1.3), one has
d
dt
E(g(t), u(t), f(t)) = 2
∫
M
∣∣Sg(t),u(t)∣∣2g(t) e−f(t) dVg(t)
+ 4
∫
M
∣∣∆g(t)u(t)∣∣2g(t) e−f(t) dVg(t),(1.5)
d
dt
Fk(g(t), u(t), f(t)) = 2(k − 1)
∫
M
∣∣Sg(t),u(t)∣∣2g(t) e−f(t) dVg(t)
+2
∫
M
∣∣∣Sg(t),u(t) +∇2g(t)f(t)∣∣∣2
g(t)
e−f(t) dVg(t)(1.6)
+ 4(k − 1)
∫
M
∣∣∆g(t)u(t)∣∣2g(t) e−f(t) dVg(t)
+ 4
∫
M
∣∣∆g(t)u(t)− 〈du(t), df(t)〉g(t)∣∣2g(t) e−f(t) dVg(t).
As a corollary we give a new proof of the following
Corollary 1.2. There is no compact steady harmonic-Ricci breather other than
(M, g(t)) is Ricci-flat and u(t) is constant.
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When we deal with the expanding harmonic-Ricci breather, we need the following
two functionals
L+(g, u, τ, f) = τ
2
∫
M
(
Rg +
n
2τ
+∆gf − 2 |∇gu|
2
g
)
e−f dVg,
L+,k(g, u, τ, f) = τ
2
∫
M
[
k
(
Rg +
n
2τ
)
+∆gf − 2k |∇gu|
2
g
]
e−f dVg .
Under the following evolution equation
∂
∂t
g(t) = −2Ricg(t) + 4du(t)⊗ du(t),
∂
∂t
u(t) = ∆g(t)u(t),
∂
∂t
f(t) = −∆g(t)f(t) +
∣∣∇g(t)f(t)∣∣2g(t) −Rg(t) + 2 ∣∣∇g(t)u(t)∣∣2g(t) ,
d
dt
τ(t) = 1,
we have
Theorem 1.3. Under the above evolution equation, one has
d
dt
L+(g(t), u(t), τ(t), f(t))
= 2τ(t)2
∫
M
∣∣∣∣Sg(t),u(t) +∇2g(t)f(t) + 12τ(t)g(t)
∣∣∣∣
2
g(t)
e−f(t) dVg(t)(1.7)
+4τ(t)2
∫
M
∣∣∆g(t)u(t)− 〈du(t), df(t)〉g(t)∣∣2g(t) e−f(t) dVg(t),
d
dt
L+,k(g(t), u(t), τ(t), f(t))
= 2τ(t)2
∫
M
∣∣∣∣Sg(t),u(t) +∇2g(t)f(t) + 12τ(t)g(t)
∣∣∣∣
2
g(t)
e−f(t)dVg(t)
+ 2(k − 1)τ(t)2
∫
M
∣∣∣∣Sg(t),u(t) + 12τ(t)g(t)
∣∣∣∣
2
g(t)
e−f(t)dVg(t)(1.8)
+ 4τ(t)2
∫
M
∣∣∆g(t)u(t)− 〈du(t), df(t)〉g(t)∣∣2g(t) e−f(t)dVg(t)
+ 4(k − 1)τ(t)2
∫
M
∣∣∆g(t)u(t)∣∣2g(t) e−f(t)dVg(t).
As a corollary, we obtain a new proof of the following
Corollary 1.4. There is no expanding harmonic-Ricci breather on compact Rie-
mannian manifolds other than M is an Einstein manifold and u(t) is constant.
The second part of this paper focuses on the eigenvalue of the Laplacian operator
under the harmonic-Ricci flow.
Theorem 1.5. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M and λ(t) denotes the eigenvalue of the Laplacian ∆g(t)
4 YI LI
with eigenfunction f(t), then
d
dt
λ(t) ·
∫
M
f(t)2 dVg(t) = λ(t)
∫
M
Sg(t),u(t)f(t)
2 dVg(t)
−
∫
M
Sg(t),u(t)
∣∣∇g(t)f ∣∣2g(t) dVg(t)(1.9)
+ 2
∫
M
〈Sg(t),u(t), df(t)⊗ df(t)〉g(t) dVg(t).
The above equation (1.9) is a general formula to describe the evolution of λ(t)
under the harmonic-Ricci flow. Under a curvature assumption, we can derive some
monotonicity formulas for the eigenvalue λ(t). Set
(1.10) Smin(0) := min
x∈M
Sg(0),u(0)(x)
the minimum of Sg(t),u(t) over M at the time 0.
Theorem 1.6. Let (g(t), u(t))t∈[0,T ] be a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and λ(t) denote the eigenvalue of the Laplacian
∆g(t). Suppose that Sg(t),u(t)−αSg(t),u(t)g(t) ≥ 0 along the harmonic-Ricci flow for
some α ≥ 12 .
(1) If Smin(0) ≥ 0, then λ(t) is nondecreasing along the harmonic-Ricci flow
for any t ∈ [0, T ].
(2) If Smin(0) > 0, then the quantity(
1−
2
n
Smin(0)t
)nα
λ(t)
is nondecreasing along the harmonic-Ricci flow for T ≤ n2Smin(0) .
(3) If Smin(0) < 0, then the quantity(
1−
2
n
Smin(0)t
)nα
λ(t)
is nondecreasing along the harmonic-Ricci flow for any t ∈ [0, T ].
Corollary 1.7. Let (g(t), u(t))t∈[0,T ] be a solution of the harmonic-Ricci flow on
a compact Riemannian surface Σ and λ(t) denote the eigenvalue of the Laplacian
∆g(t).
(1) Suppose that Ricg(t) ≤ ǫdu(t)⊗ du(t) where
ǫ ≤ 4
1− α
1− 2α
, α >
1
2
.
(1-1) If Smin(0) ≥ 0, then λ(t) is nondecreasing along the harmonic-Ricci
flow for any t ∈ [0, T ].
(1-2) If Smin(0) > 0, then the quantity
(1− Smin(0)t)
2α
λ(t)
is nondecreasing along the harmonic-Ricci flow for T ≤ 1Smin(0) .
(1-3) If Smin(0) < 0, then the quantity
(1− Smin(0)t)
2α λ(t)
is nondecreasing along the harmonic-Ricci flow for any t ∈ [0, T ].
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(2) Suppose that ∣∣∇g(t)u(t)∣∣2g(t) g(t) ≥ 2du(t)⊗ du(t).
(2-1) If Smin(0) ≥ 0, then λ(t) is nondecreasing along the harmonic-Ricci
flow for any t ∈ [0, T ].
(2-2) If Smin(0) > 0, then the quantity
(1− Smin(0)t)λ(t)
is nondecreasing along the harmonic-Ricci flow for T ≤ 1Smin(0) .
(2-3) If Smin(0) < 0, then the quantity
(1− Smin(0)t)λ(t)
is nondecreasing along the harmonic-Ricci flow for any t ∈ [0, T ].
When we restrict to the Ricci flow, we obtain
Corollary 1.8. Let (g(t))t∈[0,T ] be a solution of the Ricci flow on a compact Rie-
mannian surface Σ and λ(t) denote the eigenvalue of the Laplacian ∆g(t).
(1) If Rmin(0) ≥ 0, then λ(t) is nondecreasing along the Ricci flow for any
t ∈ [0, T ].
(2) If Rmin(0) > 0, then the quantity (1−Rmin(0)t)λ(t) is nondecreasing along
the Ricci flow for T ≤ 1Rmin(0) .
(3) If Rmin(0) < 0, then the quantity (1−Rmin(0)t)λ(t) is nondecreasing along
the Ricci flow for any t ∈ [0, T ].
Remark 1.9. Let (g(t))t∈[0,T ] be a solution of the Ricci flow on a compact Rie-
mannian surface Σ with nonnegative scalar curvsture and λ(t) denote the eigen-
value of the Laplaican ∆g(t). Then λ(t) is nondecreasing along the Ricci flow for
any t ∈ [0, T ].
Since
(1.11) µ(g, u) := inf
{
F(g, u, f)
∣∣∣f ∈ C∞(M), ∫
M
e−f dVg = 1
}
is the smallest eigenvalue of the operator ∆g,u := −4∆g + Rg − 2 |∇gu|
2
g, we can
consider the evolution equation for this eigenvalue under the harmonic-Ricci flow.
To the operator ∆g,u we associate a functional
(1.12) λg,u(f) :=
∫
M
f∆g,uf dVg.
When f is an eigenfunction of the the operator ∆g,u with the eigenvalue λ and
normalized by
∫
X f
2 dVg = 1, we obtain λg,u(f) = λ. Hence we can suffice to study
the evolution equation for ddyλg,u(f) under the harmonic-Ricci flow.
Theorem 1.10. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f(t) is an eigenfunction of ∆g(t),u(t),
i.e., ∆g(t),u(t)f(t) = λ(t)f(t)(where λ(t) is only a function of time t), with the
normalized condition
∫
M f(t)
2 dVg(t) = 1. Then we have
d
dt
λ(t) =
d
dt
λg,u(f(t)) =
∫
M
2
〈
Sg(t),u(t), df(t)⊗ df(t)
〉
g(t)
dVg(t)
+
∫
M
f(t)2
[∣∣Sg(t),u(t)∣∣2g(t) + 2 ∣∣∆g(t)u(t)∣∣2g(t)
]
dVg(t).(1.13)
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In [9], List proved the nonnegativity of the operator Sg(t),u(t) is preserved by the
harmonic-Ricci flow, hence
Corollary 1.11. If Ricg(0)−2du(0)⊗du(0) ≥ 0, then the eigenvalues of the operator
∆g(t),u(t) are nondecreasing under the harmonic-Ricci flow.
Remark 1.12. If we choose u(t) ≡ 0, then we obtain X. Cao’s result [3].
There is another expression of ddtλ(t).
Theorem 1.13. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f(t) is an eigenfunction of ∆g(t),u(t),
i.e., ∆g(t),u(t)f(t) = λ(t)f(t)(where λ(t) is only a function of time t), with the
normalized condition
∫
M f(t)
2 dVg(t) = 1. Then we have
d
dt
λ(t) =
d
dt
λg,u(f(t)) =
1
2
∫
M
∣∣∣Sg(t),u(t) +∇2g(t)ϕ(t)∣∣∣2
g(t)
e−ϕ(t) dVg(t)
+
1
4
∫
M
∣∣Sg(t),u(t)∣∣2g(t) e−ϕ(t) dVg(t) +
∫
M
∣∣〈du(t), dϕ(t)〉g(t)∣∣2 e−ϕ(t) dVg(t)
+ 2
∫
M
∣∣∣∇2g(t)u(t)∣∣∣2
g(t)
e−ϕ(t) dVg(t) −
∫
M
∆g(t)
(∣∣∇g(t)u(t)∣∣2g(t)
)
e−ϕ(t) dVg(t)(1.14)
+
1
4
∫
M
∣∣Sg(t),u(t) + 4du(t)⊗ du(t)∣∣2g(t) e−ϕ(t) dVg(t),
where f(t)2 = e−ϕ(t).
Remark 1.14. When u ≡ 0, (1.14) reduces to J. Li’s formula [7].
Suppose that M is a compact manifold of dimension n. For any Riemannian
metric g, any smooth functions u, f , and any positive number τ , we define
(1.15) W±(g, u, f, τ) :=
∫
M
[
τ
(
Sg + |∇gf |
2
g
)
∓ f ± n
] e−f
(4πτ)n/2
dVg .
Set
µ±(g, u, τ) := inf
{
W±(g, u, f, τ)
∣∣∣f ∈ C∞(M), ∫
M
e−f
(4πτ)n/2
dVg = 1
}
,
ν−(g, u) := inf{µ−(g, u, τ)|τ > 0}, ν+(g, u) := sup{µ+(g, u, τ)|τ > 0}.
The first variation of ν±(g(s), u(s)) is
Theorem 1.15. Suppose that (M, g) is a compact Riemannian manifold and u
a smooth function on M . Let h be any symmetric covariant 2-tensor on M and
set g(s) := g + sh. Let v be any smooth function on M and u(s) := u + sv. If
ν±(g(s), u(s)) =W±(g(s), u(s), f±(s), τ±(s)) for some smooth functions f±(s) with∫
M e
−f±(s)dVg/(4πτ±(s))
n/2 = 1 and constants τ±(s) > 0, then
d
ds
∣∣∣
s=0
ν±(g(s), u(s)) = 4τ±
∫
M
v (∆gu− 〈du, df±〉g)
e−f±
(4πτ±)n/2
dVg
− τ±
∫
M
(
〈h,Sg,u〉g +
〈
h,∇2gf
〉
g
±
trgh
2τ±
)
e−f±dVg
(4πτ±)n/2
,(1.16)
where f± := f±(0) and τ± := τ±(0). In particular, the critical points of ν±(·, ·)
satisfy
Sg,u +∇
2
gf ±
1
2τ±
g = 0, ∆gu = 〈du, df±〉g .
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Consequently, if W±(g, u, f, τ) and ν±(g, u) achieve their extremum, then (M, g) is
a gradient expanding and shrinker harmonic-Ricci soliton according to the sign.
Corollary 1.16. Suppose that (M, g) is a compact Riemannian manifold and u
a smooth function on M . Let h be any symmetric covariant 2-tensor on M and
set g(s) := g + sh. Let v be any smooth function on M and u(s) := u + sv. If
ν±(g(s), u(s)) =W±(g(s), u(s), f±(s), τ±(s)) for some smooth function f±(s) with∫
M
e−f±(s)dV/(4πτ±(s))
n/2 = 1 and a constant τ±(s) > 0, and (g, u) is a critical
point of ν±(·, ·), then
Ricg = ∓
1
2τ±
g, f± ≡ constant, u ≡ constant.
Thus, if W±(g, u, ·, ·) achieve their minimum and (g, u) is a critical point of ν±(·, ·),
then (M, g) is an Einstein manifold and u is a constant function.
Remark 1.17. In the situation of Corollary 1.16, by normalization, we my choose
f± =
n
2 and u = 0.
Acknowledgements. Part of work was done when the author visited Center
of Mathematical Science at Zhejiang University in 2010. The author would like to
thank Professor Kefeng Liu, who teaches the author mathematics. Furthermore,
I also thank Professor Hongwei Xu and other staffs in Center of Mathematical
Science.
2. Notation and commuting identities
LetM be a compact Riemannian manifold of dimension n. For any vector bundle
E over M , we denote by Γ(M,E) the space of smooth sections of E. Set
⊙2(M) := {v = (vij) ∈ Γ(M,T
∗M ⊗ T ∗M)|vij = vji},
⊙2+(M) := {g = (gij) ∈ ⊙
2(M)|gij > 0}.
Thus, ⊙2(M) is the space of all symmetric covariant 2-tensors on M while ⊙2+(M)
the space of all Riemannian metrics on M . The space of all smooth functions on
M is denoted by C∞(M).
For a given Riemannian metric g ∈ ⊙2+(M), the corresponding Levi-civita con-
nection Γg = (Γ
k
ij) is given by
(2.1) Γkij =
1
2
gkℓ (∂igjℓ + ∂jgil − ∂ℓgij)
where ∂i :=
∂
∂xi for a local coordinate system {x
1, · · · , xn}. The Riemann tensor
Rmg = (R
k
ijl) is determined by
(2.2) Rkijℓ = ∂iΓ
k
jℓ − ∂jΓ
k
iℓ + Γ
k
ipΓ
p
jℓ − Γ
k
jpΓ
p
iℓ.
The Ricci curvature Ricg = (Rij) is
(2.3) Rij = g
kℓRℓkij .
The scalar curvature Rg of the metric g now is given by
(2.4) Rg = g
ijRij .
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For any tensor A = (A
k1···kq
j1···jp
) the covariant derivative of A is
∇iA
k1···kq
j1···jp
= ∂iA
k1···kq
j1···jp
−
p∑
r=1
ΓmijrA
k1···kq
j1···m···jp
+
q∑
s=1
ΓksimA
k1···m···kq
j1···jp
.
Next we recall the Ricci identity:
∇i∇jA
ℓ1···ℓq
k1···kp
−∇j∇iA
ℓ1···ℓq
k1···kp
=
q∑
r=1
RlrijmA
ℓ1···m···ℓq
k1···kp
−
p∑
s=1
RmijksA
ℓ1···ℓq
k1···m···kp
.
In particular, for any smooth function f ∈ C∞(M) we have
∇i∇jf = ∇j∇if.
The Bianchi identities are
0 = Rijkℓ +Riklj +Riℓjk,(2.5)
0 = ∇qRijkℓ +∇iRjqkℓ +∇jRqikℓ(2.6)
and the contracted Bianchi identities are
0 = 2∇jRij −∇iRg,(2.7)
0 = ∇iRjk −∇jRik +∇
ℓRℓkij .(2.8)
3. Harmonic-Ricci flow and the evolution equations
Motivated by static Einstein vacuum equation, List [9] introduced the harmonic-
Ricci flow(Originally, it is called the Ricci flow coupled with the harmonic map
flow.). Such a flow is similar to the Ricci flow and is the following coupled system
∂
∂t
g(t) = −2Ricg(t) + 4du(t)⊗ du(t),(3.1)
∂
∂t
u(t) = ∆g(t)u(t)(3.2)
for a family of Riemannian metrics g(t) and a family of smooth functions u(t).
Locally, we have
(3.3)
∂
∂t
gij = −2Rij + 4∂iu · ∂ju,
∂
∂t
u = ∆g(t)u(t).
Introduce a new symmetric tensor field Sg(t),u(t) = (Sij) ∈ ⊙
2(M) by
(3.4) Sij := Rij − 2∂iu · ∂ju.
Then its trace Sg(t),u(t) is equal to
(3.5) Sg(t),u(t) = g
ijSij = Rg(t) − 2
∣∣∇g(t)u(t)∣∣2g(t) .
The evolution equation for Rg(t) is
∂
∂t
Rg(t) = ∆g(t)Rg(t) + 2|Ricg(t)|
2
g(t)
+4
∣∣∆g(t)u(t)∣∣2g(t) − 4
∣∣∣∇2g(t)u(t)∣∣∣2
g(t)
− 8
〈
Ricg(t), du(t)⊗ du(t)
〉
g(t)
.(3.6)
Also, we have the evolution equation for
∣∣∇g(t)u∣∣2g(t):
(3.7)
∂
∂t
∣∣∇g(t)u(t)∣∣2g(t) = ∆g(t) ∣∣∇g(t)u(t)∣∣2g(t)−2
∣∣∣∇2g(t)u(t)∣∣∣2
g(t)
−4
∣∣∇g(t)u(t)∣∣4g(t) ,
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and the evolution equation for Sg(t),u(t):
(3.8)
∂
∂t
Sg(t),u(t) = ∆g(t)Sg(t),u(t) + 2
∣∣Sg(t),u(t)∣∣2g(t) + 4 ∣∣∆g(t)u(t)∣∣2g(t) .
4. Entropies for harmonic-Ricci flow
Motivated by Perelman’s entropy, List [9] introduced the similar functional for
the harmonic-Ricci flow:
⊙2+(M)× C
∞(M)× C∞(M) −→ R, (g, u, f) 7−→ F(g, u, f)
where
(4.1) F(g, u, f) :=
∫
M
(
Rg + |∇gf |
2
g − 2 |∇gu|
2
g
)
e−f dVg .
He also showed that if (g(t), u(t), f(t)) satisfies the following system
∂
∂t
g(t) = −2Ricg(t) + 4du(t)⊗ du(t)− 2∇
2
g(t)f(t),
∂
∂t
u(t) = ∆g(t)u(t)− 〈du(t), df(t)〉g(t),(4.2)
∂
∂t
f(t) = −∆g(t)f(t)−Rg(t) + 2
∣∣∇g(t)u(t)∣∣2g(t) ,
then the evolution of the entropy is given by
d
dt
F(g(t), u(t), f(t)) = 2
∫
M
( ∣∣∣Sg(t),u(t) +∇2g(t)f(t)∣∣∣2
g(t)
+ 2
∣∣∆g(t)u(t)− 〈du(t), df(t)〉g(t)∣∣2g(t)
)
e−f(t)dVg(t) ≥ 0.(4.3)
Remark 4.1. The above system (4.2) is equivalent to the following
∂
∂t
g(t) = −2Ricg(t) + 4du(t)⊗ du(t),
∂
∂t
u(t) = ∆g(t)u(t),(4.4)
∂
∂t
f(t) = −∆g(t)f(t)−Rg(t) +
∣∣∇g(t)f(t)∣∣2g(t) + 2 ∣∣∇g(t)u(t)∣∣2g(t) .
The same evolution of the entropy holds for this system (4.4).
In particular, the entropy is nondecreasing and the equality holds if and only if
(g(t), u(t), f(t)) satisfies
(4.5) Sg(t),u(t) +∇
2
g(t)f(t) = 0, ∆g(t)u(t)− 〈du(t), df(t)〉g(t) = 0.
Definition 4.2. The E-functional is defined as
⊙2+(M)× C
∞(M)× C∞(M) −→ R, (g, u, f) 7−→ E(g, u, f),
where
(4.6) E(g, u, f) :=
∫
M
(
Rg − 2 |∇gu|
2
g
)
e−f dVg.
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Proposition 4.3. Under the evolution equation (4.4), one has
d
dt
E(g(t), u(t), f(t)) = 2
∫
M
∣∣Sg(t),u(t)∣∣2g(t) e−f(t) dVg(t)(4.7)
+ 4
∫
M
∣∣∆g(t)u(t)∣∣2g(t) e−f(t) dVg(t).
Proof. Since Sg(t),u(t) = Rg(t) − 2
∣∣∇g(t)u(t)∣∣2g(t) and
∂
∂t
Sg(t),u(t) = ∆g(t)Sg(t),u(t) + 2
∣∣Sg(t),u(t)∣∣2g(t) + 4 ∣∣∆g(t)u(t)∣∣2g(t) ,
∂
∂t
dVg(t) = −Sg(t),u(t) dVg(t),
we have
d
dt
E(g(t), u(t), f(t))
=
∫
M
(
∂
∂t
Sg(t),u(t)
)
e−f(t) dVg(t) +
∫
M
Sg(t),u(t)
∂
∂t
(
e−f(t) dVg(t)
)
=
∫
M
(
∆g(t)Sg(t),u(t) + 2
∣∣Sg(t),u(t)∣∣2g(t) + 4 ∣∣∆g(t)u(t)∣∣2g(t)
)
e−f(t) dVg(t)
+
∫
M
Sg(t),u(t)
(
−
∂
∂t
f(t)− Sg(t),u(t)
)
e−f(t) dVg(t)
= 2
∫
M
∣∣Sg(t),u(t)∣∣2g(t) e−f(t) dVg(t) + 4
∫
M
∣∣∆g(t)u(t)∣∣2g(t) e−f(t) dVg(t)
−
∫
M
Sg(t),u(t)
(
∆g(t)f(t)−
∣∣∇g(t)f(t)∣∣2g(t) + ∂∂tf(t) + Sg(t),u(t)
)
e−f(t)dVg(t)
which implies (4.7). 
Definition 4.4. For any k ≥ 1 we define
(4.8) Fk(g, u, f) :=
∫
M
(
kRg + |∇gf |
2
g − 2k |∇gu|
2
g
)
e−f dVg .
By definition, it is easy to show that
(4.9) Fk(g, u, f) = (k − 1)E(g, u, f) + F(g, u, f).
When k = 1, this is the F -functional.
Theorem 4.5. Under the evolution equation (4.4), one has
d
dt
Fk(g(t), u(t), f(t)) = 2(k − 1)
∫
M
∣∣Sg(t),u(t)∣∣2g(t) e−f(t)dVg(t)
+ 2
∫
M
∣∣∣Sg(t),u(t) +∇2g(t)f(t)∣∣∣2
g(t)
e−f(t)dVg(t)(4.10)
+ 4(k − 1)
∫
M
∣∣∆g(t)u(t)∣∣2g(t) e−f(t)dVg(t)
+ 4
∫
M
∣∣∆g(t)u(t)− 〈du(t), df(t)〉g(t)∣∣2g(t) e−f(t)dVg(t).
Furthermore, the monotonicity is strict unless g(t) is Ricci-flat, u(t) is constant
and f(t) is constant.
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Proof. It immediately follows from (4.3) and (4.7). 
Set
(4.11) µk(g, u) := inf
{
Fk(g, u, f)
∣∣∣f ∈ C∞(M), ∫
M
e−fdVg = 1
}
.
Then µk(g, u) is the lowest eigenvalue of −4∆g + k
(
Rg − 2 |∇gu|
2
g
)
.
5. Compact steady harmonic-Ricci breathers
In this section we give an alternative proof on some results on compact steady
harmonic-Ricci breathers that were proved in [9, 11].
Definition 5.1. A solution (g(t), u(t)) of the harmonic-Ricci flow (1.1)–(1.2) is
called a harmonic-Ricci breather if there exist t1 < t2, a diffeomorphism ψ :M →M
and a constant α > 0 such that
g(t2) = αψ
∗g(t1), u(t2) = ψ
∗u(t1).
The case α < 1, α = 1, and α > 1, correspond to shrinking, steady and expanding
harmonic-Ricci breathers.
Theorem 5.2. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M , then the lowest eigenvalue µk(g(t), u(t)) of the operator
−4∆g(t)+k(Rg(t)−2|∇g(t)u(t)|
2
g(t)) is nondecreasing under the harmonic-Ricci flow.
The monotonicity is streat unless g(t) is Ricci-flat and u(t) is constant.
Proof. The proof is similar to that given in [7]. For any t1 < t2, suppose that
µk(g(t2), u(t2)) = Fk(g(t2), u(t2), fk(t2))
for some smooth function fk(x). Being an initial value, fk(x) = fk(x, t2) for some
smooth function fk(x, t) satisfying the evolution equation (4.4). The monotonicity
formula (4.10) implies
µk(g(t2), u(t2)) ≥ Fk(g(t1), u(t1), fk(t1)) ≥ µk(g(t1), u(t1)).
This completes the proof. 
Corollary 5.3. On a compact Riemannian manifold, the lowest eigenvalues of
−∆g(t) +
1
2 (Rg(t) − 2|∇g(t)u(t)|
2
g(t)) are nondecreasing under the harmonic-Ricci
flow.
Proof. Since µ2(g(t), u(t))/4 is the lowest eigenvalue of the above operator, the
result immediately follows from Theorem 5.2. 
Corollary 5.4. There is no compact steady harmonic-Ricci breather other than
(M, g(t)) is Ricci-flat and u is constant.
Proof. If (g(t), u(t)) is a steady harmonic-Ricci breather, then for t1 < t2 given in
the definition, we have
µk(g(t1), u(t1)) = µk(g(t2), u(t2))
hence, using Theorem 5.2, for any t ∈ [t1, t2] we must have
d
dt
µk(g(t), u(t)) ≡ 0.
Thus (M, g(t)) is Ricci-flat and u(t) is constant. 
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6. Compact expanding harmonic-Ricci breathers
Inspired by [7], we define a new functional
⊙2+(M)× C
∞(M)× C∞(R)× C∞(M) −→ R, (g, u, τ, f) 7−→ W+(g, u, τ, f),
where (τ = τ(t), t ∈ R)
(6.1) W+(g, u, τ, f) := τ
2
∫
M
(
Rg +
n
2τ
+∆gf − 2 |∇gu|
2
g
)
e−fdVg .
Similarly, we define a family of functionals
(6.2) W+,k(g, u, τ, f) := τ
2
∫
M
[
k
(
Rg +
n
2τ
)
+∆gf − 2k |∇gu|
2
g
]
e−fdVg.
It’s clear that W+,1(g, u, τ, f) =W+(g, u, τ, f).
Lemma 6.1. One has
W+(g, u, τ, f) = τ
2F(g, u, f) +
n
2
τ
∫
M
e−fdVg ,
W+,k(g, u, τ, f) = τ
2Fk(g, u, f) +
kn
2
τ
∫
M
e−fdVg,
W+,k(g, u, τ, f) = W+(g, u, τ, f)
+(k − 1)
(
τ2E(g, u, f) +
n
2
τ
∫
M
e−fdVg
)
.
Proof. Since ∆(e−f ) = (−∆f + |∇f |2)e−f , it follows that
W+(g, u, τ, f)− τ
2F(g, u, f)
=
n
2
τ
∫
M
e−fdVg + τ
2
∫
M
(
∆gf − |∇gf |
2
g
)
e−fdVg
=
n
2
τ
∫
M
e−fdVg + τ
2
∫
M
∆g
(
e−f
)
dVg =
n
2
τ
∫
M
e−fdVg.
Similarly, we can prove the rest two relations. 
Theorem 6.2. Under the following coupled system
∂
∂t
g(t) = −2Ricg(t) + 4du(t)⊗ du(t)− 2∇
2
g(t)f(t),
∂
∂t
u(t) = ∆g(t)u(t)− 〈du(t), df(t)〉g(t),
∂
∂t
f(t) = −∆g(t)f(t)−Rg(t) + 2
∣∣∇g(t)u(t)∣∣2g(t) ,
d
dt
τ(t) = 1,
the first variation formula for W+(g(t), u(t), τ(t), f(t)) is
d
dt
W+(g(t), u(t), τ(t), f(t))(6.3)
= 2τ(t)2
∫
M
∣∣∣∣Sg(t),u(t) +∇2g(t)f(t) + 12τ(t)g(t)
∣∣∣∣
2
g(t)
e−f(t)dVg(t)
+ 4τ(t)2
∫
M
∣∣∆g(t)u(t)− 〈du(t), df(t)〉g(t)∣∣2g(t) e−f(t)dVg(t),
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and the first variation formula for W+,k(g(t), u(t), τ(t), f(t)) is
d
dt
W+,k(g(t), u(t), τ(t), f(t))(6.4)
= 2τ(t)2
∫
M
∣∣∣∣Sg(t),u(t) +∇2g(t)f(t) + 12τ(t)g(t)
∣∣∣∣
2
g(t)
e−f(t)dVg(t)
+2(k − 1)τ(t)2
∫
M
∣∣∣∣Sg(t),u(t) + 12τ(t)g(t)
∣∣∣∣
2
g(t)
e−f(t)dVg(t)
+4τ(t)2
∫
M
∣∣∆g(t)u(t)− 〈du(t), df(t)〉g(t)∣∣2g(t) e−f(t)dVg(t)
+4(k − 1)τ(t)2
∫
M
∣∣∆g(t)u(t)∣∣2g(t) e−f(t)dVg(t).
Proof. Under the above coupled system, we first observe that
(6.5)
d
dt
(∫
M
e−f(t)dVg(t)
)
= 0.
In fact, from ∂∂tdVg(t) = [−Sg(t),u(t) −∆g(t)f(t)dVg(t) we obtain
d
dt
(∫
M
e−f(t)dVg(t)
)
=
∫
M
(
−
∂
∂t
f(t) · dVg(t) +
∂
∂t
dVg(t)
)
e−f(t)
=
∫
M
[
∆g(t)f(t) + Sg(t),u(t)
− Sg(t),u(t) −∆g(t)f(t)
]
e−f(t)dVg(t)
= 0.
Lemma 6.1 and the identity (6.5) implies
d
dt
W+(g(t), u(t), τ(t), f(t))
= τ(t)2
d
dt
F(g(t), u(t), f(t)) + 2τ(t)F(g(t), u(t), f(t)) +
n
2
∫
M
e−f(t)dVg(t)
= 2τ(t)2
∫
M
∣∣∣Sg(t),u(t) +∇2g(t)f(t)∣∣∣2
g(t)
e−f(t)dVg(t)
+ 4τ(t)2
∫
M
∣∣∆g(t)u(t)− 〈du(t), df(t)〉g(t)∣∣2 e−f(t)dVg(t)
+ 2τ(t)
∫
M
(
Sg(t),u(t) +
∣∣∇g(t)f(t)∣∣2g(t)
)
e−f(t)dVg(t) +
n
2
∫
M
e−f(t)dVg(t)
which is (6.3). Using Lemma 6.1 and the same method we can prove (6.4). 
Remark 6.3. Under the following coupled system
∂
∂t
g(t) = −2Ricg(t) + 4du(t)⊗ du(t),
∂
∂t
u(t) = ∆g(t)u(t),
∂
∂t
f(t) = −∆g(t)f(t) +
∣∣∇g(t)f(t)∣∣2g(t) −Rg(t) + 2 ∣∣∇g(t)u(t)∣∣2g(t) ,
d
dt
τ(t) = 1,
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the same formulas (6.3) and (6.4) hold for W+ and W+,k.
Define
(6.6) µ+(g, u, τ) := inf
{
W+(g, u, τ, f)
∣∣∣f ∈ C∞(M), ∫
M
e−fdVg = 1
}
.
Lemma 6.4. For any α > 0, one has
(6.7) µ+(αg, u, ατ) = αµ+(g, u, τ).
Proof. If we set g¯ := αg, then Rg¯ = α
−1Rg, ∆g¯f = α
−1∆gf , and |∇g¯u|
2
g¯ =
α−1|∇g(t)u|
2
g. Hence
W+(g¯, u, ατ, f) = α
2τ2
∫
M
(
Rg +
n
2ατ
+∆g¯f − 2 |∇g¯u|
2
g¯
)
e−fdVg¯
= ατ2
∫
M
(
Rg +
n
2τ
+∆gf − 2
∣∣∇g(t)u∣∣2g
)
αn/2e−fdVg.
Since f 7→ f − n2 lnα is one-to-one and onto, by taking the infimum we derive
µ+(αg, u, ατ) = αµ+(g, u, τ). 
Definition 6.5. A solution (g(t), u(t)) of the harmonic-Ricci flow is called a harmonic-
Ricci soliton if there exists an one-parameter family of diffeomorphisms ψt : M →
M , satisfying ψ0 = idM , and a positive scaling function α(t) such that
g(t) = α(t)ψ∗t g(0), u(t) = ψ
∗
t u(0).
The case ∂∂tα(t) = α˙ < 0, α˙ = 0, and α˙ > 0 correspond to shrinking, steady,
and expanding harmonic-Ricci solitons, respectively. If the diffeomorphisms ψt are
generated by a (possibly time-dependent) vector field X(t) that is the gradient of
some function f(t) on M , then the soliton is called gradient harmonic-Ricci soliton
and f is called the potential of the harmonic-Ricci soliton.
In [11], Mu¨ller showed that if (g(t), u(t)) is a gradient harmonic-Ricci soliton
with potential f , then
0 = Ricg(t) − 2du(t)⊗ du(t) +∇
2
g(t)f(t) + cg(t),
0 = ∆g(t)u(t)−
〈
∇g(t)u(t),∇g(t)f(t)
〉
g(t)
for some constant c.
Corollary 6.6. There is no expanding breather on compact Riemannian manifolds
other than expanding gradient harmonic-Ricci solitons.
Proof. The proof is similar to that given in [7]. Suppose there is an expanding
breather on a compact Riemannian manifold M , then by definition we have
g(t2) = αΦ
∗g(t1), u(t2) = Φ
∗u(t1)
for some t1 < t2, where Φ is a diffeomorphism and the constant α > 1. Let
f+(x) is a smooth function whereW+(g(t2), u(t2), τ(t2), f(t2)) attains its minimum.
Then there exists a smooth function f+(x, t) : M × [t1, t2] → R with initial value
f+(x, t2) = f+(x) and satisfies the coupled system appeared in 6.3. Define a linear
function
τ : [t1, t2] −→ (0,+∞), τ(t2) = T + t2
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where T is a constant. By the monotonicity formula, we have
µ+(g(t2), u(t2), τ(t2)) = W+(g(t2), u(t2), τ(t2), f+(t2))
≥ W+(g(t1), u(t1), τ(t1), f+(t1))
≥ µ+(g(t1), u(t1), τ(t1)).
Lemma 6.4 and the diffeomorphic invariant property of the functionals shows
µ+(g(t1), u(t1), τ(t1)) ≤ αµ+(g(t1), u(t1), τ(t1))
which yields
µ+(g(t1), u(t1), τ(t1)) ≥ 0
since α > 1.
If we impose an additional condition τ(t2) = ατ(t1) and τ(t1) = T + t1, we have
τ(t) =
α(t− t1)− (t− t2)
α− 1
, T =
t2 − αt1
α− 1
.
Then
τ(t2)
n
2
Vg(t2)
=
[
α(t2−t1)
α−1
]n
2
α
n
2 Vg(t1)
=
τ(t1)
n
2
Vg(t1)
.
The mean value theorem tells us that there exists a time t ∈ [t1, t2] with
0 =
d
dt
∣∣∣
t=t
log
τ(t)
n
2
Vg(t)
=
Vg(t)
τ(t)
n
2
·
n
2 τ(t)
n
2
−1Vg(t) − τ(t)
n
2
d
dt
∣∣∣
t=t
Vg(t)
V 2
g(t)
=
n
2τ(t)
−
1
Vg(t)
∂
∂t
∣∣∣
t=t
Vg(t).
From the evolution equation for the volume element dVg(t) we have
d
dt
Vg(t) =
∫
M
∂
∂t
dVg(t) =
∫
M
(
−Sg(t),u(t) −∆g(t)f(t)
)
dVg(t) = −
∫
M
Sg(t),u(t)dVg(t).
Putting those together yields
0 =
n
2τ(t)
+
1
Vg(t)
∫
M
Sg(t),u(t)dVg(t) =
1
Vg(t)
∫
M
(
Sg(t),u(t) +
n
2τ(t)
)
dVg(t).
If we set f = logVg(t) then
0 =W+(g(t), u(t), τ(t), f) ≥ µ+(g(t), u(t), τ(t)).
By the monotonicity of µ+ we obtain
0 ≤ µ+(g(t1), u(t1), τ(t1)) ≤ µ+(g(t), u(t), τ(t)) ≤ 0
Hence µ+(g(t1), u(t1), τ(t1)) = µ+(g(t2), u(t2), τ(t2)) = 0 and W+ = 0 on the
interval [t1, t2]. This indicates that the first variation of W+ must vanish. So the
expanding breather is a gradient soliton, i.e.,
Sg(t),u(t) +∇
2
g(t)f(t) +
1
2τ(t)
g(t) = 0.
Moreover, in this case ∆g(t)u(t) = 〈du(t), df(t)〉g(t). 
16 YI LI
As (6.7), we define
(6.8) µ+,k(g, u, τ) := inf
{
W+,k(g, u, τ, f)
∣∣∣f ∈ C+∞(M), ∫
M
e−fdVg = 1
}
As Lemma 6.4, we still have
(6.9) µ+,k(αg, u, ατ) = αµ+,k(g, u, τ).
Corollary 6.7. If (g(t), u(t)) is an expanding harmonic-Ricci breathers on compact
Riemannian manifolds, then M is an Einstein manifold and u(t) is constant.
Proof. Using the same method in Corollary 6.6 and µ+,k, we can show that the
first variation of W+,k must vanish. Hence, from (6.4) one has
Sg(t),u(t) +∇
2
g(t)f(t) +
1
2τ(t)
g(t) = 0,
Sg(t),u(t) +
1
2τ(t)
g(t) = 0,
∆g(t)u(t) = 〈du(t), df(t)〉g(t) ,
∆g(t)u(t) = 0.
The above four equations can be reduced to a coupled equation
Sg(t),u(t) +
1
2τ(t)
g(t) = 0 = ∆g(t)u(t)
which indicates that u(t) is a constant and Ricg(t) = −
1
2τ(t)g(t). 
7. Eigenvalues of the Laplacian under the harmonic-Ricci flow
In this section we consider the eigenvalues of the Laplacian ∆g(t) under the
harmonic-Ricci flow
∂
∂t
g(t) = −2Ricg(t) + 4du(t)⊗ du(t),(7.1)
∂
∂t
u(t) = ∆g(t)u(t).(7.2)
Suppose that λ(t), which is a function of time t only, is an eigenvalue of the Lapla-
cian ∆g(t) with an eigenfunction f(t) = f(x, t), i.e.,
(7.3) −∆g(t)f(t) = λ(t)f(t).
Taking the derivative with respect to t, we get
−
(
∂
∂t
∆g(t)
)
f(t)−∆g(t)
(
∂
∂t
f(t)
)
=
(
d
dt
λ(t)
)
f(t) + λ(t)
∂
∂t
f(t).
Integrating above equation with f yields
−
∫
M
f(t)
(
∂
∂t
∆g(t)
)
f(t) dVg(t) −
∫
M
f(t)∆g(t)
(
∂
∂t
f(t)
)
dVg(t)
=
d
dt
λ(t) ·
∫
M
f(t)2 dVg(t) + λ(t)
∫
M
f(t)
∂
∂t
f(t) dVg(t).
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Since
−
∫
M
f(t)∆
(
∂
∂t
f(t)
)
dVg(t) = −
∫
M
∆g(t)f(t) ·
∂
∂t
f(t) dVg(t)
= λ(t)
∫
M
f(t)
∂
∂t
f(t) dVg(t),
it follows that
(7.4)
d
dt
λ(t) ·
∫
M
f(t)2 dVg(t) = −
∫
M
f(t)
(
∂
∂t
∆g(t)
)
f(t) dVg(t).
If we set vij = −2Rij + 4∂iu∂ju, then
∂
∂t
Γkij =
1
2
gkℓ (∂ivℓj + ∂jvil − ∂ℓvij) .
We temporarily omit all subscripts t. Multiplying with gij on both sides, we obtain
gij
∂
∂t
Γkij =
1
2
gkl
(
2∇ivli −∇l
(
gijvij
))
= gkl∇ivil +∇
kS
= gkl∇i (−2Ril + 4∇iu∇lu) +∇
k
(
R− 2|∇u|2
)
= −∇kR+ 4∆u · ∇ku+ 4∇iu · ∇
i∇ku+∇kR− 4∇k∇iu · ∇iu
= 4∆u · ∇ku.
Therefore,
∂
∂t
(∆f) =
∂
∂t
(
gij∇i∇jf
)
=
(
∂
∂t
gij
)
∇i∇jf + g
ij
[
∂i∂j
∂f
∂t
−
(
∂
∂t
Γkij
)
∂kf − Γ
k
ij∂k
∂f
∂t
]
=
(
∂
∂t
gij
)
∇i∇jf +∆g(t)
(
∂
∂t
f
)
− gij
(
∂
∂t
Γkij
)
∇kf
= (2Rij − 4∇iu∇ju)∇
i∇jf − 4∆u · ∇ku∇kf +∆g(t)
(
∂
∂t
f
)
.
Plugging it into (7.4) we derive
d
dt
λ(t) ·
∫
M
f(t)2 dVg(t) = −2
∫
M
Rij∇
i∇jf dV + 4
∫
M
f∇iu∇ju∇i∇jf dV
+ 4
∫
M
f∆u · ∇ku∇kf dV.
The first term can be rewritten as
−2
∫
M
fRij∇
i∇jf dV =
∫
M
∇i (2fRij)∇
jfdV
= 2
∫
M
(
∇if · Rij + f · ∇
iRij
)
∇jf dV
= 2
∫
M
Rij∇
if∇jf dV +
∫
M
f∇jR∇
jf dV
= 2
∫
M
Rij∇
if∇jf dV −
∫
M
R∇j
(
f∇jf
)
dV
= λ
∫
R
f2 dV −
∫
M
R|∇f |2 dV + 2
∫
M
Rij∇
if∇jf dV.
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Hence(
d
dt
λ(t)
)∫
M
f(t)2 dVg(t) = λ(t)
∫
M
Rg(t)f(t)
2dVg(t) + 2
∫
M
Rij∇
if∇jf dV
−
∫
M
Rg(t)
∣∣∇g(t)f(t)∣∣2g(t) dVg(t)
+ 4
∫
M
f
(
∇iu∇ju∇i∇jf +∆u∇
ku∇kf
)
dV.
On the other hand,∫
M
f∇iu∇ju∇i∇jf dV = −
∫
M
∇i
(
f∇iu∇ju
)
∇jf dV
= −
∫
M
(
∇if∇
iu∇ju+ f∆u∇ju+ f∇iu∇i∇
ju
)
∇jf dV
= −
∫
M
f∆u〈∇u,∇f〉dV −
∫
M
∇iu∇ju∇if∇jf dV
−
∫
M
f∇iu∇jf∇i∇ju dV
and therefore
d
dt
λ(t)
∫
M
f(t)2dVg(t) = λ(t)
∫
M
Rg(t)f(t)
2dVg(t) − 4
∫
M
f∇iu∇jf∇i∇ju dV
+ 2
∫
M
Sij∇
if∇jf dV −
∫
M
Rg(t)
∣∣∇g(t)f(t)∣∣2g(t) dVg(t).
The last term in above can be simplified as follows:
−
∫
M
f∇iu∇jf∇i∇judV =
∫
M
∇j (f∇iu∇jf)∇
iudV
=
∫
M
(
∇jf∇iu∇jf + f∇
j∇iu∇jf + f∇iu∆f
)
∇iudV
=
∫
M
|∇u|2|∇f |2dV +
∫
M
f∆f |∇u|2dV +
∫
M
f∇iu∇jf∇i∇ju dV
consequently,
−2
∫
M
f∇iu∇jf∇i∇ju dV =
∫
M
|∇u|2|∇f |2dV − λ
∫
M
f2|∇u|2dV.
Therefore we derive the following
Theorem 7.1. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M and λ(t) denotes the eigenvalue of the Laplacian ∆g(t),
then
d
dt
λ(t) ·
∫
M
f(t)2dVg(t) = λ(t)
∫
M
Sg(t),u(t)f(t)
2dVg(t)
−
∫
M
Sg(t),u(t)
∣∣∇g(t)f(t)∣∣2g(t) dVg(t)(7.5)
+2
∫
M
〈
Sg(t),u(t), df(t)⊗ df(t)
〉
dVg(t).
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We set
(7.6) Smin(0) := min
x∈M
S(x, 0).
Theorem 7.2. Let (g(t), u(t))t∈[0,T ] be a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and λ(t) denote the eigenvalue of the Laplacian
∆g(t). Suppose that Sg(t),u(t)−αSg(t),u(t)g(t) ≥ 0 along the harmonic-Ricci flow for
some α ≥ 12 .
(1) If Smin(0) ≥ 0, then λ(t) is nondecreasing along the harmonic-Ricci flow
for any t ∈ [0, T ].
(2) If Smin(0) > 0, then the quantity(
1−
2
n
Smin(0)t
)nα
λ(t)
is nondecreasing along the harmonic-Ricci flow for T ≤ n2Smin(0) .
(3) If Smin(0) < 0, then the quantity(
1−
2
n
Smin(0)t
)nα
λ(t)
is nondecreasing along the harmonic-Ricci flow for any t ∈ [0, T ].
Proof. By Theorem 7.1, we have
d
dt
λ(t) ≥
(∫
M Sg(t),u(t)f(t)
2dVg(t)∫
M f(t)
2dVg(t)
)
λ(t)
+(2α− 1)
(∫
M Sg(t),u(t)|∇g(t)f(t)|
2
g(t)∫
M
f(t)2dVg(t)
)
.
By definition we have −f(t)∆g(t) = λ(t)f(t). Taking the integration on both sides
yields that λ(t) ≥ 0. Since
∂
∂t
Sg(t),u(t) = ∆g(t)Sg(t),u(t) + 2
∣∣Sg(t),u(t)∣∣2g(t) + 4 ∣∣∆g(t)u(t)∣∣2g(t)
and
∣∣Sg(t),u(t)∣∣2 ≥ 1nS2g(t),u(t), it follows that
∂
∂t
Sg(t),u(t) ≥ ∆g(t)Sg(t),u(t) +
2
n
S2g(t),u(t).
The corresponding ODE
d
dt
a(t) =
2
n
a(t)2, a(t) = Smin(0)
has the solution
a(t) =
Smin(0)
1− 2nSmin(0)t
.
Then the maximum principle implies Sg(t),u(t) ≥ a(t) and hence, using the assump-
tion that 2α− 1 ≥ 0,
d
dt
λ(t) ≥ a(t)λ(t) + (2α− 1)a(t)
∫
M
|∇g(t)f(t)|
2
g(t)dVg(t)∫
M
f(t)2dVg(t)
.
By integration by parts, we note that∫
M
|∇f |
2
dV = −
∫
M
f ·∆fdV = λ
∫
M
f2 dV
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which indicates
d
dt
λ(t) ≥ a(t)λ(t) + (2α− 1)a(t)λ = 2αa(t)λ(t)
and
d
dt
(
λ(t) · exp
(
−2α
∫ t
0
a(τ)dτ
))
≥ 0.
Plugging the expression into above yields the desired result. If Smin(0) ≥ 0, by the
nonnegativity of Sg(t) preserved along the harmonic-Ricci flow, we conclude that
d
dtλ(t) ≥ 0. 
Corollary 7.3. Let (g(t), u(t))t∈[0,T ] be a solution of the harmonic-Ricci flow on
a compact Riemannian surface Σ and λ(t) denote the eigenvalue of the Laplacian
∆g(t).
(1) Suppose that Ricg(t) ≤ ǫdu(t)⊗ du(t) where
(7.7) ǫ ≤ 4
1− α
1− 2α
, α >
1
2
.
(1-1) If Smin(0) ≥ 0, then λ(t) is nondecreasing along the harmonic-Ricci
flow for any t ∈ [0, T ].
(1-2) If Smin(0) > 0, then the quantity
(1− Smin(0)t)
2α
λ(t)
is nondecreasing along the harmonic-Ricci flow for T ≤ 1Smin(0) .
(1-3) If Smin(0) < 0, then the quantity
(1− Smin(0)t)
2α
λ(t)
is nondecreasing along the harmonic-Ricci flow for any t ∈ [0, T ].
(2) Suppose that
(7.8)
∣∣∇g(t)u(t)∣∣2g(t) g(t) ≥ 2du(t)⊗ du(t).
(2-1) If Smin(0) ≥ 0, then λ(t) is nondecreasing along the harmonic-Ricci
flow for any t ∈ [0, T ].
(2-2) If Smin(0) > 0, then the quantity
(1− Smin(0)t)λ(t)
is nondecreasing along the harmonic-Ricci flow for T ≤ 1Smin(0) .
(2-3) If Smin(0) < 0, then the quantity
(1− Smin(0)t)λ(t)
is nondecreasing along the harmonic-Ricci flow for any t ∈ [0, T ].
Proof. As above, we always omit subscripts t. In the surface case, we have Rij =
R
2 gij . Then
Tij := Sij − αSgij =
R
2
gij − 2∇iu∇ju− α
(
R− 2 |∇u|2
)
gij
=
(
1
2
− α
)
Rgij − 2∇iu∇ju+ 2α |∇u|
2
gij .
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For any vector V = (V i), we calculate
TijV
iV j =
(
1
2
− α
)
R|V |2 − 2
(
∇iuV
i
)2
+ 2α|∇u|2|V |2
≥
(
1
2
− α
)
R|V |2 − 2|∇u|2|V |2 + 2α|∇u|2|V |2.
If Rij ≤ ǫ∇iu∇ju, then TijV
iV j =
[(
1
2 − α
)
ǫ− 2 + 2α
]
|∇u|2|V |2 ≥ 0.
For the second case, we note that
TijV
iV j = RijV
iV j − 2∇iuV
i∇juV
j −
R
2
|V |2 + |∇u|2|V |2
≥ RijV
iV j − |∇u|2|V |2 −
R
2
|V |2 + |∇u|2|V |2 = 0.
Hence, the corresponding results follow by Theorem 7.2. 
When we consider the Ricci flow, we have the following two results derived from
Corollary 7.3.
Corollary 7.4. Let (g(t))t∈[0,T ] be a solution of the Ricci flow on a compact Rie-
mannian surface Σ and λ(t) denote the eigenvalue of the Laplacian ∆g(t).
(1) If Rmin(0) ≥ 0, then λ(t) is nondecreasing along the Ricci flow for any
t ∈ [0, T ].
(2) If Rmin(0) > 0, then the quantity (1−Rmin(0)t)λ(t) is nondecreasing along
the Ricci flow for T ≤ 1Rmin(0) .
(3) If Rmin(0) < 0, then the quantity (1−Rmin(0)t)λ(t) is nondecreasing along
the Ricci flow for any t ∈ [0, T ].
Remark 7.5. Let (g(t))t∈[0,T ] be a solution of the Ricci flow on a compact Rie-
mannian surface Σ with nonnegative scalar curvature and λ(t) denote the eigen-
value of the Laplacian ∆g(t). Then λ(t) is nondecreasing along the Ricci flow for
t ∈ [0, T ].
8. Eigenvalues of the Laplacian-type under the harmonic-Ricci flow
Recall that
(8.1) µ(g, u) = µ1(g, u) = inf
{
F(g, u, f)
∣∣∣ ∫
M
e−fdVg = 1
}
.
We showed that µ(g, u) is the smallest eigenvalue of the operator −4∆g + Rg −
2|∇gu|
2
g. Inspired by [3, 4], we define a Laplacian-type operators associated with
quantities g, u, c:
∆g,u,c := −∆g + c
(
Rg − 2 |∇gu|
2
g
)
,(8.2)
∆g,u := ∆g,u, 1
2
= −∆g +
1
2
(
Rg − 2 |∇gu|
2
g
)
.(8.3)
Then µ(g, u) is the smallest eigenvalue of the operator 4∆g,u, 1
4
.
To the operator ∆g,u we associate a functional
(8.4) C∞(M) −→ R, f 7−→ λg,u(f) :=
∫
M
f∆g,uf dVg.
When f is an eigenfunction of the operator ∆g,u with the eigenvalue λ, i.e., ∆g,uf =
λf and normalized by
∫
M f
2dVg = 1, we obtain λg,u(f) = λ. Next lemma will deal
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with the evolution equation for λ(f(t)) where f(t) is an eigenfunction of ∆g(t),u(t)
and the couple (g(t), u(t)) satisfies the harmonic-Ricci flow. Set
(8.5) vij := −2Sij = −2Rij + 4∂iu · ∂ju, v := g
ijvij .
The obtained symmetric tensor field is denoted by Vg(t),u(t) = (vij).
Lemma 8.1. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow on
a compact Riemannian manifold M and f(t) is an eigenfunction of ∆g(t),u(t), i.e.,
∆g(t),u(t)f(t) = λ(t)f(t)(where λ(t) is only a function of time t only), with the
normalized condition
∫
M
f(t)2dVg(t) = 1. Then we have
d
dt
λg(t),u(t)(f(t)
=
∫
M
f(t)
(
∇ivik −
1
2
∇kv
)
∇kf(t)dVg(t) −
∫
M
f2(t)
∂
∂t
∣∣∇g(t)u(t)∣∣2g(t) dVg(t)
+
∫
M
[〈
Vg(t),u(t),∇
2
g(t)f(t)
〉
g(t)
+
1
2
(
∂
∂t
Rg(t)
)
f(t)
]
f(t)dVg(t).(8.6)
Before proving the lemma, we recall a formula that is an immediate consequence
of the evolution equation:
∂
∂t
(
∆g(t)f
)
= −gipgjqvpq∇i∇jf − g
ijgkℓ∇ivjℓ∇kf(8.7)
+
1
2
〈
∇g(t)vg(t),∇g(t)f(t)
〉
g(t)
where the metric g(t) evolves by ∂∂tgij = vij .
Proof. Using (8.7) and integration by parts, we get
d
dt
λg(t),u(t)(f(t))
=
∂
∂t
∫
M
[
−∆g(t)f(t) +
(
Rg(t)
2
−
∣∣∇g(t)u(t)∣∣2g(t)
)
f(t)
]
f(t)dVg(t)
=
∫
M
[
gipgjqvpq∇i∇jf + g
ijgkl∇ivjl∇kf −
1
2
〈
∇g(t)vg(t),∇g(t)f(t)
〉
g(t)
]
f(t)dVg(t) +
∫
M
[
−∆g(t)
(
∂
∂t
f(t)
)
+
(
Rg(t)
2
−
∣∣∇g(t)u(t)∣∣2g(t)
)
∂
∂t
f(t)
+
(
∂
∂t
(
1
2
Rg(t)
)
−
∂
∂t
(∣∣∇g(t)u(t)∣∣2g(t)
))
f(t)
]
f(t)dVg(t)
+
∫
M
[
−∆g(t)f(t) +
(
Rg(t)
2
−
∣∣∇g(t)u∣∣2g(t)
)
f(t)
]
∂
∂t
(
f(t)dVg(t)
)
=
∫
M
(
gipgjqvpq∇i∇jf +
1
2
(
∂
∂t
Rg(t)
)
f(t)
)
f(t)dVg(t)
+
∫
M
(
gijgkl∇ivjl∇kf −
1
2
gkl∇lv∇kf
)
f(t)dVg(t)
+
∫
M
∆g(t),u(t)f(t)
(
∂
∂t
f(t)dVg(t) +
∂
∂t
(
f(t)dVg(t)
))
−
∫
M
∂
∂t
(∣∣∇g(t)u(t)∣∣2g(t)
)
f(t)2dVg(t).
EIGENVALUES AND ENTROPIES UNDER THE HARMONIC-RICCI FLOW 23
Since f(t) is an eigenfunction of ∆g(t),u(t), it follows that
∫
M
∆g(t),u(t)f(t)
(
∂
∂t
f(t)dVg(t) +
∂
∂t
(
f(t)dVg(t)
))
= λ(t)
∂
∂t
∫
M
f(t)2dVg(t) = 0
by the normalized condition. Thus we complete the proof. 
Using (3.6), we find that the first term in the right hand side of (8.6) can be
written as
∫
M
[
vij∇
i∇jf +
1
2
(
∂
∂t
Rg(t)
)
f(t)
]
f(t)dVg(t)
=
∫
M
[
−2f(t)
〈
Ricg(t),∇
2
g(t)f(t)
〉
g(t)
+ 4f(t)
〈
du(t)⊗ du(t),∇2g(t)f(t)
〉
g(t)
]
dVg(t)
+
∫
M
[(
1
2
∆g(t)Rg(t) +
∣∣Ricg(t)∣∣2g(t)
)
f(t)2 + 2f(t)2
∣∣∆g(t)u(t)∣∣2g(t)
− 2f(t)2
∣∣∣∇2g(t)u(t)∣∣∣2
g(t)
− 4f(t)2
〈
Ricg(t), du(t)⊗ du(t)
〉
g(t)
]
dVg(t)
=
∫
M
[
−2f(t)
〈
Ricg(t),∇
2
g(t)f(t)
〉
g(t)
+
(
1
2
∆g(t)Rg(t) +
∣∣Ricg(t)∣∣2g(t)
)
f(t)2
]
dVg(t)
+
∫
M
[
4f(t)
〈
du⊗ du,∇2g(t)f(t)
〉
g(t)
− 4f2
〈
du(t)⊗ du(t),Ricg(t)
〉
g(t)
+ 2f(t)2
∣∣∆g(t)u(t)∣∣2g(t) − 2f(t)2
∣∣∣∇2g(t)u(t)∣∣∣2
g(t)
]
dVg(t)
For the second term in (8.6) one has, using the contracted Bianchi identities,
∫
M
(
gij∇ivjk −
1
2
∇kv
)
∇kf · f(t) dVg(t)
=
∫
M
[
gij∇i (−2Rjk + 4∂ju∂ku)
−
1
2
∇k
(
−2Rg(t) + 4
∣∣∇g(t)u(t)∣∣2g(t)
) ]
∇kf · f(t)dVg(t)
=
∫
M
4f(t)∆g(t)u(t)
〈
∇g(t)u(t),∇g(t)f(t)
〉
g(t)
dVg(t)
+
∫
M
(
4gij∇ju · ∇i∇ku− 2∇k
∣∣∇g(t)u(t)∣∣2g(t)
)
∇kf · f(t) dVg(t)
=
∫
M
4f(t)∆g(t)u(t)
〈
∇g(t)u(t),∇g(t)f(t)
〉
g(t)
dVg(t)
24 YI LI
where in the last step we use the identity ∇k|∇u|
2 = 2gpq∇k∇pu · ∇qu. Therefore
d
dt
λg(t),u(t)(f(t)) =
∫
M
[
−2f(t)
〈
Ricg(t),∇
2
g(t)f(t)
〉
g(t)
+
(
1
2
∆g(t)Rg(t) +
∣∣Ricg(t)∣∣2g(t)
)
f(t)2
]
dVg(t)
+ 4f(t)
∫
M
[〈
du(t)⊗ du(t),∇2g(t)f(t)
〉
g(t)
− f(t)
〈
du(t)⊗ du(t),Ricg(t)
〉
g(t)
(8.8)
+2f(t)2
∣∣∆g(u)u(t)∣∣2g(t) − 2f(t)2
∣∣∣∇2g(t)u(t)∣∣∣2
g(t)
+ 4f(t)∆g(t)u(t)
〈
∇g(t)u(t),∇g(t)f(t)
〉
g(t)
]
dVg(t)
−
∫
M
(
∆g(t)
∣∣∇g(t)u(t)∣∣2g(t) − 2
∣∣∣∇2g(t)u(t)∣∣∣2
g(t)
− 4
∣∣∇g(t)u(t)∣∣4g(t)
)
f(t)2dVg(t).
The above evolution equation can be simplified as
Theorem 8.2. Suppose (g(t), u(t)) is a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and f(t) is an eigenfunction of ∆g(t),u(t), i.e.,
∆g(t),u(t)f(t) = λ(t)f(t)(where λ(t) is only a function of time t only), with the
normalized condition
∫
M
f(t)2dVg(t) = 1. Then we have
d
dt
λg(t),u(t)(f(t)) =
∫
M
2
〈
Sg(t), df(t)⊗ df(t)
〉
g(t)
dVg(t)
+
∫
M
f(t)2
[∣∣Sg(t)∣∣2g(t) + 2 ∣∣∆g(t)u(t)∣∣2g(t)
]
dVg(t).(8.9)
Proof. Calculate∫
M
4f(t)∆g(t)u(t)
〈
∇g(t)u(t),∇g(t)f(t)
〉
g(t)
dVg(t)
= −4
∫
M
∇iu
[
∇if · 〈∇u,∇f〉+ f
(
∇i〈∇u,∇f〉
)]
dV
= −4
∫
M
|〈∇u,∇f〉|2 dVg − 4
∫
M
f∇iu
(
〈∇i∇u,∇f〉+ 〈∇u,∇i∇f
)
dV.
By the same method, we have∫
M
−∆g(t)
∣∣∇g(t)u(t)∣∣2g(t) f(t)2dVg(t) = −
∫
M
|∇u|2
(
2f∆f + 2|∇f |2
)
dV
= −2
∫
M
|∇f |2|∇u|2dV − 2
∫
M
f∆f |∇u|2dV.
However, ∫
M
f∆f |∇u|2dV =
∫
M
−∇if · ∇
i
(
f |∇u|2
)
dV
= −
∫
M
∇if
(
∇if |∇u|2 + f∇i|∇u|2
)
dV
= −
∫
M
|∇u|2|∇f |2dV −
∫
M
f∇if · ∇
i|∇u|2dV.
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Plugging it into above yields
∫
M
−∆g(t)
∣∣∇g(t)u(t)∣∣2g(t) f(t)2dVg(t) = 2
∫
M
f∇if · ∇
i|∇u|2dV
= 4
∫
M
f(t)
〈
du(t)⊗ df(t),∇2g(t)u(t)
〉
g(t)
dVg(t).
Using the contracted Bianchi identities we may simplify the term
∫
M
f2∆R
2 dV as
follows:
∫
N
f(t)2
2
∆g(t)Rg(t)dVg(t) = −
1
2
∫
M
∇iR · ∇
i(f2)dV
= −
∫
M
∇iR · f∇
ifdV = −2
∫
M
∇kRki · f∇
ifdV
= 2
∫
M
Rki∇
k(f∇jf)dV = 2
∫
M
Rki
(
∇kf · ∇jf + f∇k∇jf
)
dV
= 2
∫
M
〈
Ricg(t), df(t)⊗ df(t)
〉
g(t)
dVg(t)
+2
∫
M
f(t)
〈
Ricg(t),∇
2
g(t)f(t)
〉
g(t)
dVg(t).
Hence (8.8) becomes
d
dt
λg(t),u(t)(f(t)) =
∫
M
[
2
〈
Ricg(t), df(t)⊗ df(t)
〉
g(t)
+
∣∣Ricg(t)∣∣2g(t) f(t)2
]
dVg(t)
+
∫
M
[
2
∣∣∆g(t)u(t)∣∣2g(t) + 4 ∣∣∇g(t)u(t)∣∣4g(t)
]
f(t)2dVg(t)
−
∫
M
4f(t)2
〈
du(t)⊗ du(t),Ricg(t)
〉
g(t)
dVg(t)
−
∫
M
4
∣∣∣〈∇g(t)u(t),∇g(t)f(t)〉g(t)
∣∣∣2 dVg(t)
=
∫
M
2
〈
Sg(t), df(t)⊗ df(t)
〉
g(t)
dVg(t)
+
∫
M
f(t)2
[∣∣Ricg(t) − 2du(t)⊗ du(t)∣∣2g(t) + 2 ∣∣∆g(t)u(t)∣∣2g(t)
]
dVg(t)
where by definition Sij = Rij − 2∂iu∂ju. 
In [9], List proved that the nonnegativity of operator Sg(t) is preserved by the
harmonic-Ricci flow, hence
Corollary 8.3. If Ricg(0)−2du(0)⊗du(0) ≥ 0, then the eigenvalues of the operator
∆g(t),u(t) are nondecreasing under the harmonic-Ricci flow.
Remark 8.4. If we choose u(t) ≡ 0, then we obtain X. Cao’s result [3].
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9. Another formula for ddtλ(f(t))
In this section we give another formula for ddtλ(f(t)) using the similar method
in [7]. Recall the formula
d
dt
λg(t),u(t)(f(t)) =
∫
M
2
〈
Sg(t),u(t), df(t)⊗ df(t)
〉
g(t)
dVg(t)
+
∫
M
f(t)2
[∣∣Sg(t),u(t)∣∣2g(t) + 2 ∣∣∆g(t)u(t)∣∣2g(t)
]
dVg(t).
Consider the function ϕ determined by f2(t) = e−ϕ(t). Then we have
df =
−eϕdϕ
2f
,
∇f
f
= −
∇ϕ
2
,
∆f
f
= −
1
2
∆ϕ+
1
4
|∇ϕ|2.
Hence
2
d
dt
λg(t),u(t)(f(t)) =
∫
M
〈
Sg(t),u(t), dϕ(t)⊗ dϕ(t)
〉
g(t)
e−ϕ(t)dVg(t)
+2
∫
M
[∣∣Sg(t),u(t)∣∣2g(t) + 2 ∣∣∆g(t)u(t)∣∣2g(t)
]
e−ϕdVg(t).
Using the integration by parts and contracted Bianchi identities yields
∫
M
〈
Sg(t),u(t), dϕ(t) ⊗ dϕ(t)
〉
g(t)
e−ϕ(t)dVg(t)
=
∫
M
Sij∇
iϕ∇jϕe−ϕdV = −
∫
M
Sij∇
jϕ∇i
(
e−ϕ
)
dV
=
∫
M
e−ϕ∇i
(
Sij∇
jϕ
)
dV
=
∫
M
∇iSij · ∇
jϕ · e−ϕdV +
∫
M
Sij∇
i∇jϕ · e−ϕdV
=
∫
M
∇iRij · ∇
jϕ · e−ϕdVg +
∫
M
Sij∇
i∇jϕ · e−ϕdV
+
∫
M
∇i (−2∇iu∇ju)∇
jϕ · e−ϕdVg
=
1
2
∫
M
R∆
(
e−ϕ
)
dV +
∫
M
Sij∇
i∇jϕ · e−ϕdV
−2
∫
M
(
∇iu∇ju
)
∇i∇j
(
e−ϕ
)
dV.
Thus∫
M
Sij∇
i∇jϕ · e−ϕdV =
∫
M
Sij∇
iϕ∇jϕe−ϕdV −
1
2
∫
M
R∆
(
e−ϕ
)
dV
+2
∫
M
(
∇iu∇ju
)
∇i∇j
(
e−ϕ
)
.
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On the other hand, one gets∫
M
∣∣∣∇2g(t)ϕ(t)∣∣∣2
g(t)
e−ϕ(t)dVg(t) =
∫
M
∇i∇jϕ∇
i∇jϕ · e
−ϕdV
= −
∫
M
∇jϕ · ∇i∇
i∇jϕ · e−ϕdV −
∫
M
∇jϕ · ∇
i∇jϕ · ∇i
(
e−ϕ
)
dV
= −
∫
M
∇jϕ · ∇i∇
j∇iϕ · e−ϕdV −
∫
M
∇jϕ · ∇
i∇jϕ · ∇i
(
e−ϕ
)
dV.
Since ∫
M
∇jϕ · ∇
i∇jϕ · ∇i
(
e−ϕ
)
dV = −
∫
M
∇i
(
∇jϕ · ∇i
(
e−ϕ
))
∇jϕdV
= −
∫
M
∇jϕ · ∇i∇jϕ · ∇i
(
e−ϕ
)
dV
−
∫
M
|∇ϕ|
2
∆
(
e−ϕ
)
dV
which implies∫
M
∇jϕ · ∇
i∇jϕ · ∇i
(
e−ϕ
)
dV = −
1
2
∫
M
|∇ϕ|2∆
(
e−ϕ
)
dV,
it follows that∫
M
∣∣∇2ϕ∣∣2 e−ϕdV = − ∫
M
∇jϕ · ∇i∇
j∇iϕ · e−ϕdV +
1
2
∫
M
|∇ϕ|2∆
(
e−ϕ
)
dV.
By Ricci identity the term ∇i∇j∇iϕ equals
∇i∇
j∇iϕ = gjkgil∇i∇k∇lϕ = g
jkgil (∇k∇i∇lϕ−R
p
ikl∇pϕ)
= ∇j∇i∇
iϕ− gjkgilRiklp∇
pϕ
= ∇j∆ϕ+ gjkgilRikpl∇
pϕ = ∇j∆ϕ+ gjkRkp∇
pϕ.
Hence
−
∫
M
∇jϕ · ∇i∇
j∇iϕ · e−ϕdV
= −
∫
M
∇iϕ · ∇
j∆ϕ · e−ϕdV −
∫
M
Rkp∇
kϕ · ∇pϕe−ϕdV
=
∫
M
∇j∆ϕ · ∇j
(
e−ϕ
)
+
∫
M
Rkp∇
kϕ · ∇p
(
e−ϕ
)
dV
= −
∫
M
∆ϕ ·∆
(
e−ϕ
)
−
∫
M
e−ϕ
(
∇pRkp · ∇
kϕ+Rkp∇
p∇kϕ
)
= −
∫
M
∆
(
e−ϕ
)
·∆ϕdV +
1
2
∫
M
∇kR · ∇
k
(
e−ϕ
)
dV
−
∫
M
e−ϕRkp∇
k∇pϕdV
= −
∫
M
∆
(
e−ϕ
)(
∆ϕ+
1
2
R
)
−
∫
M
Rkp∇
k∇pϕ · e−ϕdV.
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Putting those formulas together, we obtain∫
M
2Sij∇
i∇jϕ · e−ϕdV +
∫
M
∣∣∇2ϕ∣∣2 e−ϕdV
=
∫
M
Sij∇
i∇jϕ · e
−ϕdV +
∫
M
(−2∇iu∇ju)∇
i∇jϕ · e−ϕdV
−
∫
M
∆
(
e−ϕ
)(
∆ϕ+
R
2
−
1
2
|∇ϕ|2
)
dV
=
∫
M
Sij∇
iϕ∇jϕ · e−ϕdV −
∫
M
∆
(
e−ϕ
)(
∆ϕ+R−
1
2
|∇ϕ|
2
)
dV
+ 2
∫
M
(
∇iu∇ju · ∇
i∇j
(
e−ϕ
)
−∇iu∇ju · ∇
i∇jϕ · e−ϕ
)
dV.
Since f is an eigenfunction of λ, it induces λ = −∆ff +
R
2 −|∇u|
2 = 12∆ϕ−
1
4 |∇ϕ|
2+
R
2 − |∇u|
2 and therefore∫
M
2Sij∇
i∇jϕ · e−ϕdV +
∫
M
∣∣∇2ϕ∣∣2 e−ϕdV
=
∫
M
Sij∇
iϕ∇jϕ · e−ϕdV − 2
∫
M
∆
(
|∇u|2
)
· e−ϕdV
+2
∫
M
∇iu∇j
(
∇i∇j
(
e−ϕ
)
−∇i∇jϕ · e−ϕ
)
dV.
Plugging into the expression of ddtλ(f(t)) yields
2
d
dt
λg(t),u(t)(f(t)) =
∫
M
Sij∇
iϕ∇jϕ · e−ϕdV +
∫
M
|S|
2
e−ϕdV
+
∫
M
|S|2 e−ϕdV + 4
∫
M
|∆u|2 e−ϕdV
=
∫
M
∣∣∣Sg(t),u(t) +∇2g(t)ϕ(t)∣∣∣2
g(t)
e−ϕ(t)dVg(t) +
∫
M
∣∣Sg(t),u(t)∣∣2g(t) e−ϕ(t)dVg(t)
+ 4
∫
M
∣∣∆g(t)u(t)∣∣2g(t) e−ϕ(t)dVg(t) + 2
∫
M
∆g(t)
∣∣∇g(t)u(t)∣∣2g(t) e−ϕ(t)dVg(t)
+ 2
∫
M
∇iu∇ju
[
−∇i∇j
(
e−ϕ
)
+∇i∇jϕ · e−ϕ
]
dV
On the other hand,
I :=
∫
M
(
∇iu∇ju · ∇
i∇jϕ
)
e−ϕdV
= −
∫
M
∇i
(
∇iu∇ju · e
−ϕ
)
∇jϕdV
= −
∫
M
∇jϕ
(
∆u · ∇ju · e
−ϕ +∇iu∇
i∇ju · e
−ϕ −∇iu∇ju∇
iϕ · e−ϕ
)
dV
= −
∫
M
∇ju∇
jϕ∆u · e−ϕdV −
∫
M
∇iu∇
jϕ∇i∇ju · e
−ϕdV
+
∫
M
|〈du, dϕ〉|
2
e−ϕdV
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and
II :=
∫
M
∇iu∇ju∇
i∇j
(
e−ϕ
)
dV =
∫
M
∇i∇j (∇iu∇ju) e
−ϕdV
=
∫
M
∇i
(
∇j∇iu · ∇ju+∇iu∆u
)
e−ϕdV
=
∫
M
(
∆∇iu · ∇iu+∇
i∆u · ∇iu+
∣∣∇2u∣∣2 + |∆u|2) e−ϕdV
and
III :=
∫
M
∆
(
|∇u|
2
)
e−ϕdV = 2
∫
M
∇i
(
∇i∇ju · ∇
ju
)
e−ϕdV
= 2
∫
M
(
∆∇ju · ∇
ju+
∣∣∇2u∣∣2) e−ϕdV.
If we set
B := 2 (III + I − II)
then
B
2
=
∫
M
[
∆∇iu · ∇
iu−∇i∆u · ∇
iu+
∣∣∇2u∣∣2 − |∆u|2 + |〈du, dϕ〉|2
−∇iu · ∇
iϕ ·∆u−∇iu · ∇
jϕ · ∇i∇ju
]
e−ϕdV
=
∫
M
(
Rij∇
iu∇ju+
∣∣∇2u∣∣2 − |∆u|2 + |〈du, dϕ〉|2
−∇iu · ∇
iϕ ·∆u−∇iu · ∇
jϕ · ∇i∇ju
)
e−ϕdV.
On the other hand,
−
∫
M
∇iu · ∇
iϕ ·∆u · e−ϕdV =
∫
M
(∇iu ·∆u)∇
i
(
e−ϕ
)
dV
= −
∫
M
∇i (∇iu ·∆u) e
−ϕdV
=
∫
M
(
− |∆u|
2
−∇iu · ∇
i∆u
)
e−ϕdV
and
−
∫
M
∇iu∇
jϕ∇i∇ju · e
−ϕdV =
∫
M
∇iu∇
i∇ju∇
j
(
e−ϕ
)
dV
= −
∫
M
∇j
(
∇iu∇
i∇ju
)
e−ϕdV
=
∫
M
(
−
∣∣∇2u∣∣2 −∇iu∆∇iu) e−ϕdV.
Therefore
(9.1)
B
2
=
∫
M
[
−2 |∆u|
2
+ |〈du, dϕ〉|
2
− 2〈∇u,∇∆u〉
]
e−ϕdV.
By definition,
∆
(
|∇u|
2
)
= ∆
(
∇iu · ∇iu
)
= 2∇iu ·∆∇iu+ 2
∣∣∇2u∣∣2 .
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So
∆ |∇u|
2
= 2
∣∣∇2u∣∣2 + 2 (∇i∆u+Rij∇ju)∇iu
= 2
∣∣∇2u∣∣2 + 2Rij∇iu · ∇ju+ 2〈∇u,∇∆u〉.
. Pugging it into (9.1) yields
B
2
=
∫
M
[
−2 |∆u|
2
+ |〈du, dϕ〉|
2
+ 2
∣∣∇2u∣∣2 −∆ |∇u|2 + 2Rij∇iu∇ju] e−ϕdV.
Since
2Rij∇
iu∇ju = 2 (Sij + 2∇iu∇ju)∇
iu∇ju
= 2Sij∇
iu∇ju+ 4 |∇u|
4
=
1
4
|S + 4du⊗ du|
2
−
1
4
|S|
2
,
it follows that
B
2
= III + I − II
=
∫
M
[
|〈du, dϕ〉|
2
− 2|∆u|2 −
1
4
|S|
2
+ 2
∣∣∇2u∣∣2 + 1
4
|S + 4du⊗ du|
2
]
e−ϕdV
− III.
Hence
B =
∫
M
[
−4 |∆u|
2
+ 2 |〈du, dϕ〉|
2
−
1
2
|S|
2
+ 4
∣∣∇2u∣∣2 + 1
2
|S + 4du⊗ du|
2
]
e−ϕdV − 2III.
Theorem 9.1. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f(t) is an eigenfunction of ∆g(t),u(t),
i.e., ∆g(t),u(t)f(t) = λ(t)f(t)(where λ(t) is only a function of time t), with the
normalized condition
∫
M f(t)
2dVg(t) = 1. Then we have
d
dt
λ(t) =
d
dt
λg(t),u(t)(f(t))(9.2)
=
1
2
∫
M
∣∣∣Sg(t),u(t) +∇2g(t)ϕ(t)∣∣∣2
g(t)
e−ϕ(t)dVg(t)
+
1
4
∫
M
∣∣Sg(t),u(t)∣∣2g(t) e−ϕ(t)dVg(t)
+
∫
M
∣∣〈du(t), dϕ(t)〉g(t)∣∣2 e−ϕ(t)dVg(t) + 2
∫
M
∣∣∣∇2g(t)u(t)∣∣∣2
g(t)
e−ϕ(t)dVg(t)
+
1
4
∫
M
∣∣Sg(t),u(t) + 4du(t)⊗ du(t)∣∣2g(t) e−ϕ(t)dVg(t)
−
∫
M
∆g(t)
(∣∣∇g(t)u(t)∣∣2g(t)
)
e−ϕ(t)dVg(t).
Remark 9.2. When u ≡ 0, (9.2) reduces to J. Li’s formula [7].
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10. The first variation of expander and shrinker entropies
Suppose that M is a closed manifold of dimension n. We define
W± : ⊙
2
+(M)× C
∞(M)× C∞(M)× R+ −→ R, (g, u, f, τ) 7−→ W±(g, u, f, τ)
where
(10.1) W±(g, u, f, τ) :=
∫
M
[
τ
(
Sg,u + |∇gf |
2
g
)
∓ f ± n
] e−f
(4πτ)n/2
dVg.
Set
µ±(g, u, τ) := inf
{
W±(g, u, f, τ)
∣∣∣f ∈ C∞(M), ∫
M
e−f
(4πτ)n/2
dVg = 1
}
,
ν±(g, u) := sup{µ±(g, u, τ)|τ > 0}.
Lemma 10.1. Suppose ν±(g, u) = W±(g, u, f±, τ±) for some functions f± and
constants τ± satisfying ∫
M
e−f±
(4πτ±)n/2
dVg = 1, τ± > 0,
then we must have
τ±
(
−2∆gf± + |∇gf±|
2
g − Sg,u
)
± f± ∓ n+ ν±(g, u) = 0,∫
M
f±e
−f±
(4πτ)n/2
dVg =
n
2
∓ ν±(g, u).
Proof. Since g and u are fixed, we consider the corresponding Lagrangian multiplier
function
L±(f, τ ;λ) :=W±(g, u, f, τ)− λ
(∫
M
e−f
(4πτ)n/2
dVg − 1
)
.
Then the variation of L± in f direction is
δfL±(f, τ ;λ) =
∫
M
[
2τ∇if∇i(δf)∓ δf + λδf
] e−f
(4πτ)n/2
dVg
−
∫
M
[
τ
(
Sg,u + |∇gf |
2
g
)
∓ f ± n
]
δf
e−f
(4πτ)n/2
dVg.
By the divergence theorem, we calculate∫
M
∇if · ∇i(δf)
e−f
(4πτ)n/2
dVg = −
∫
M
∇i
(
∇if
e−f
(4πτ)n/2
)
δfdVg
= −
∫
M
(
∆gf − |∇gf |
2
g
)
δf
e−f
(4πτ)n/2
dVg .
Hence
δfL±(f, τ ;λ) =
∫
M
[
τ
(
−2∆gf + |∇gf |
2
g − Sg,u
)
± f ∓ n∓ 1 + λ
]
δf
e−f
(4πτ)n/2
dV.
This implies that
τ±
(
−2∆gf± + |∇gf±|
2
g − Sg,u
)
± f± ∓ n∓ 1 + λ± = 0.
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Since f± satisfies the normalized condition, it follows that
0 = λ± ∓ 1 +
∫
M
[
τ±
(
−2∆gf± + |∇gf±|
2
g − Sg,u
)
± f± ∓ n
] e−f±
(4πτ±)n/2
dVg .
From the identity∫
M
∆gf
e−f
(4πτ)n/2
dVg =
∫
M
|∇gf |
2
g
e−f
(4πτ)n/2
dVg
and the definition (10.1), we obtain
ν±(g, u) =W±(g, u, f±, τ±) = λ± ∓ 1,
and consequently,
τ±
(
−2∆gf± + |∇gf±|
2
g − Sg,u
)
± f± ∓ n+ ν±(g, u) = 0.
The variation of L± with respect to τ indicates
δτL±(f, τ ;λ) =
∫
M
δτ
(
Sg,u + |∇gf |
2
g
) e−f
(4πτ)n/2
dVg
− λ
∫
M
(
−
n
2
δτ
τ
)
e−f
(4πτ)n/2
dVg.
+
∫
M
(
−
n
2
δτ
τ
)[
τ
(
Sg,u + |∇gf |
2
g
)
∓ f ± n
] e−f
(4πτ)n/2
dVg
=
∫
M
δτ
[(
1−
n
2
)(
Sg,u + |∇gf |
2
g
)
+
n
2τ
(λ± f ∓ n)
] e−fdVg
(4πτ)n/2
.
Using the first proved equation we have
0 =
∫
M
[
(ν±(g, u)± f± ∓ n)
(
1−
n
2
)
+
n
2
(ν±(g, u)± f± ∓ n± 1)
] e−f±dVg
(4πτ±)n/2
=
∫
M
(
ν± ± f± ∓
n
2
) e−f±
(4πτ±)n/2
dVg
and therefore we obtain the second one. 
For a symmetric 2-tensor h = (hij) ∈ ⊙
2(M), we set
g(s) := g + sh
Then the variation of g(s) is
(10.2)
∂
∂s
∣∣∣
s=0
Rg(s) = −h
ijRij +∇
i∇jhij −∆g (trgh) .
Theorem 10.2. Suppose that (M, g) is a compact Riemannian manifold and u
a smooth function on M . Let h be any symmetric covariant 2-tensor on M and
set g(s) := g + sh. Let v be any smooth function on M and u(s) := u + sv. If
ν±(g(s), u(s)) =W±(g(s), u(s), f±(s), τ±(s)) for some smooth functions f±(s) with
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∫
M
e−f±(s)dV/(4πτ±(s))
n/2 = 1 and constants τ±(s) > 0, then
d
ds
∣∣∣
s=0
ν±(g(s), u(s))
= −τ±
∫
M
(
〈h,Sg,u〉g +
〈
h,∇2gf
〉
g
±
1
2τ±
trgh
)
e−f±
(4πτ±)n/2
dVg
+4τ±
∫
M
v (∆gu− 〈du, df±〉g)
e−f±
(4πτ±)n/2
dVg,
where f± := f±(0) and τ± := τ±(0). In particular, the critical points of ν±(·, ·)
satisfy
Sg,u +∇
2
gf ±
1
2τ±
g = 0, ∆gu = 〈du, df±〉g .
Consequently, if W±(g, u, f, τ) and ν±(g, u) achieve their minimums, then (M, g)
is a gradient expanding and shrinker harmonic-Ricci soliton according to the sign.
Proof. By definition, one has
d
ds
ν±(g(s), u(s)) =
d
ds
W±(g(s), u(s), f±(s), τ±(s))
=
∫
M
[
∂
∂s
τ±(s)
(
Sg(s),u(s) +
∣∣∇g(s)f±(s)∣∣2g(s)
)] e−f±(s)
(4πτ±(s))n/2
dVg(s)
+
∫
M
[
τ±(s)
∂
∂s
(
Sg(s),u(s) +
∣∣∇g(s)f±(s)∣∣2g(s)
)
∓
∂
∂s
f±(s)
]
e−f±(s)
(4πτ±(s))n/2
dVg(s)
+
∫
M
[
τ±(s)
(
Sg(s),u(s) +
∣∣∇g(s)f±(s)∣∣2g(s)
)
∓ f±(s)± n
]
·
∂
∂s
(
e−f±(s)
(4πτ±(s))n/2
dVg(s)
)
.
Since
∂
∂s
Sg(s),u(s) =
∂
∂s
Rg(s) − 2
∂
∂s
∣∣∇g(s)u(s)∣∣2g(s)
=
∂
∂s
Rg(s) − 2
(
∂
∂s
gij
)
∇iu∇ju− 4g
ij ∂
∂s
∇iu · ∇ju
=
∂
∂s
Rg(s) − 2
(
−gipgjqhpq
)
∇iu∇ju− 4g
ij∇i
(
∂
∂s
u
)
∇ju
=
∂
∂s
Rg(s) + 2hpq∇
pu∇qu− 4∇i
(
∂
∂t
u
)
∇iu
and
∂
∂s
(
e−f±(s)
(4πτ±(s))n/2
dVg(s)
)
=
(
−
∂
∂s
f±(s)−
n
2τ±(s)
∂
∂s
τ±(s)
)
e−f±(s)
(4πτ±(s))n/2
dVg(s)
+
e−f±(s)
(4πτ±(s))n/2
∂
∂s
dVg(s)
=
(
−
∂
∂s
f±(s)−
n
2τ±(s)
∂
∂s
τ±(s) +
1
2
trgh
)
e−f±(s)
(4πτ±(s))n/2
dVg(s),
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it follows that
d
ds
ν±(g(s), u(s))
=
∫
M
∂
∂s
τ±(s)
(
Sg(s),u(s) +
∣∣∇g(s)f±(s)∣∣2g(s)
) e−f±(s)
(4πτ±(s))n/2
dVg(s)
+
∫
M
[
τ±(s)
(
∂
∂s
Rg(s) + 2hpq∇
pu∇qu− 4∇i
(
∂
∂s
u
)
∇iu
−hpq∇
pf∇qf + 2∇i
(
∂
∂s
f
)
∇if
)
∓
∂
∂s
f±(s)
]
e−f±(s)
(4πτ±(s))n/2
dVg(s)
+
∫
M
(
−
∂
∂s
f±(s)−
n
2τ±(s)
∂
∂s
τ±(s) +
1
2
trgh
)
·
[
τ±(s)
(
Sg(s),u(s) +
∣∣∇g(s)f±(s)∣∣2g(s)
)
∓ f±(s)± n
] e−f±(s)
(4πτ±(s))n/2
dVg(s).
Since ∫
M
∆gtrgh · e
−fdVg =
∫
M
trgh ·∆g
(
e−f
)
dVg
=
∫
M
trgh
(
−∆gf + |∇gf |
2
g
)
e−fdVg ,∫
M
∇i∇jhij · e
−fdVg =
∫
M
hij∇
i∇j
(
e−f
)
dV
=
∫
M
hij
(
−∇i∇jf +∇if∇jf
)
e−fdVg,∫
M
∇i
(
∂
∂s
f
)
∇ife−fdVg =
∫
M
−
∂
∂s
f
(
∆gf − |∇gf |
2
g
)
e−fdVg ,∫
M
∆g
(
e−f
)
dVg =
∫
M
(
−∆gf + |∇gf |
2
g
)
e−fdVg ,
and using Lemma 10.1, we obtain
d
ds
∣∣∣
s=0
ν±(g(s), u(s))
=
∫
M
∂
∂s
∣∣∣
s=0
τ±(s)
(
Sg,u + |∇gf |
2
g
) e−f±
(4πτ±)n/2
dVg
+
∫
M
[
τ±
(
− hijRij +∇
i∇jhij −∆g (trgh) + 2hpq∇
pu∇qu
−4∇iv∇
iu− hpq∇
pf∇qf + 2∇i
(
∂
∂s
∣∣∣
s=0
f(s)
)
∇if
)
∓
∂
∂s
∣∣∣
s=0
f(s)
]
e−f±
(4πτ±)n/2
dVg
+
∫
M
(
−
∂
∂s
∣∣∣
s=0
f±(s)−
n
2τ±
(s)
∂
∂s
∣∣∣
s=0
τ±(s) +
1
2
trgh
)
·
[
τ±
(
Sg,u + |∇gf±|
2
g
)
∓ f± ± n
] e−f±
(4πτ±)n/2
dVg.
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If we denote by B the last term while A the rest terms, then
A =
∫
M
[
∂
∂s
∣∣∣
s=0
τ±(s)
(
|∇gf±|
2
g + Sg,u
)
− τ±
(
hij∇i∇jf± + h
ijSij + 4∇iv · ∇
iu
)
∓
∂
∂s
f±
]
e−f±
(4πτ±)n/2
dVg
+
∫
M
τ±
(
∆gf± − |∇gf±|
2
g
)(
trgh− 2
∂
∂s
∣∣∣
s=0
f(s)
)
e−f±
(4πτ±)n/2
dVg .
The normalized condition
1 =
∫
M
e−f±(s)
(4πτ±(s))n/2
dVg
implies
0 =
∫
M
(
−
∂
∂s
∣∣∣
s=0
f±(s)−
n
2τ±
∂
∂s
∣∣∣
s=0
τ±(s) +
1
2
trgh
)
e−f±(s)
(4πτ±(s))n/2
dVg .
Lemma 10.1 concludes that
τ±Sg,u − τ±
(
|∇gf±|
2
g − 2∆gf±
)
= ±f± ∓ n+ ν±(g, u)
therefore
τ±
(
Sg,u + |∇gf±|
2
g
)
∓ f± ± n = 2τ±
(
|∇gf±|
2
g −∆gf±
)
+ ν±(g, u)
Plugging it into the definition of B yields
B =
∫
M
(
−
∂
∂s
∣∣∣
s=0
f±(s)−
n
2τ±
∂
∂s
∣∣∣
s=0
τ±(s) +
1
2
trgh
)
·
[
2τ±
(
|∇gf±|
2
g −∆gf±
)
+ ν±(g, u)
] e−f±
(4πτ±)n/2
dVg
=
∫
M
(
−
∂
∂s
∣∣∣
s=0
f±(s)−
n
2τ±
∂
∂s
∣∣∣
s=0
τ±(s) +
1
2
trgh
)
·
[
2τ±
(
|∇gf±|
2
g −∆gf±
)] e−f±
(4πτ±)n/2
dVg
=
∫
M
(
−
∂
∂s
∣∣∣
s=0
f±(s) +
1
2
trgh
)
2τ±
(
|∇gf±|
2
g −∆gf±
) e−f±
(4πτ±)n/2
dVg
where we use the fact that
∫
M
∆g(e
−f )dVg = 0. Hence B cancels with the last term
in A. Therefore, the above variation equals
d
ds
∣∣∣
s=0
ν±(g(s), u(s))
=
∫
M
[
∂
∂s
∣∣∣
s=0
τ±(s)
(
|∇gf±|
2
g + Sg,u ±
n
2τ±
)
− τ±
(
hij∇i∇jf + h
ijSij
±
1
2τ±
trgh+ 4v (〈du, df〉 −∆gu)
)]
e−f±
(4πτ±)n/2
dVg.
To prove the theorem, it is sufficient to show that∫
M
(
|∇gf±|
2
g + Sg,u ±
n
2τ±
)
e−f±
(4πτ±)n/2
dV = 0.
36 YI LI
Since M is compact, we have
0 =
∫
M
∆g
(
e−f±
)
=
∫
M
(
−∆gf± + |∇gf±|
2
g
)
e−f±dV.
Hence ∫
M
(
|∇gf±|
2
+ Sg,u ±
n
2τ±
)
e−f±
(4πτ±)n/2
dV
=
∫
M
(
2∆gf± − |∇gf |
2
g + Sg,u ±
n
2σ±
)
e−f±
(4πτ±)n/2
dV.
Then, Lemma 10.1 now indicates∫
M
(
|∇gf±|
2
+ Sg,u ±
n
2τ±
)
e−f±
(4πτ±)n/2
dV
=
∫
M
(
±f± ∓ n+ ν±(g, u)
τ±
±
n
2
)
e−f±
(4πτ±)n/2
dV
=
∫
M
1
τ±
(
±f± ∓
n
2
+ ν±(g, u)
) e−f±
(4πτ±)n/2
dV
=
1
τ±
(
±
n
2
− ν±(g, u)∓
n
2
+ ν±(g, u)
)
= 0.
The sign + corresponds to the gradient expanding soliton while − to the gradient
shrinker soliton. 
Corollary 10.3. Suppose that (M, g) is a compact Riemannian manifold and u
a smooth function on M . Let h be any symmetric covariant 2-tensor on M and
set g(s) := g + sh. Let v be any smooth function on M and u(s) := u + sv. If
ν±(g(s), u(s)) =W±(g(s), u(s), f±(s), τ±(s)) for some smooth function f±(s) with∫
M
e−f±(s)dV/(4πτ±(s))
n/2 = 1 and a constant τ±(s) > 0, and (g, u) is a critical
point of ν±(·, ·), then
Sg,u = ∓
1
2τ±
g, f± ≡ constant.
Thus, if W±(g, u, ·, ·) achieve their minimum and (g, u) is a critical point of ν±(·, ·),
then (M, g, u) satisfies the static Einstein vacuum equation.
Proof. According to Lemma 10.1 and Theorem 10.2, we have
τ±
(
−2∆gf± + |∇gf±|
2
g − Sg,u
)
± f± ∓ n = −ν±
= −
∫
M
[
τ±
(
Sg,u + |∇gf |
2
g
)
∓ f± ± n
] e−f±
(4πτ±)n/2
dVg,
and hence
2∆gf± − |∇gf±|
2
g + Sg,u =
∫
M
(
Sg,u + |∇gf±|
2
g
) e−f±
(4πτ±)n/2
dVg
=
∫
M
(Sg,u +∆gf±)
e−f±
(4πτ±)n/2
dVg
= ∓
n
2τ±
= Sg,u +∆gf±.
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From this we get ∆gf± = |∇gf±|
2
g. After taking the integration on both sides, the
functions f± must be constant that imply Sg ±
1
2τ±
g = 0. 
Remark 10.4. In the situation of Corollary 10.3, by normalization, we my choose
f± =
n
2 .
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